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Abstract
Let G=
⊕
¡ G be the direct sum of (discrete) groups endowed with the linear group
topology whose base at the identity consists of the subgroups U =
⊕
6¡ G, ¡. We
show that every subgroup H of G has a generating suitable set. In addition, if H is not closed
in G, then H has a closed generating suitable set. The case of topologically orderable topological
groups is considered. It is proved that if a topologically orderable group G has a (closed) suitable
set, then every dense subgroup of G also has a (closed) suitable set. c© 2002 Elsevier Science
B.V. All rights reserved.
MSC: 22A05; 54H11; 54G10; 54D20
1. Introduction
We call a discrete subset S of a topological group G suitable for G if S has at
most one accumulation point in G, its identity, and generates a dense subgroup of G
[9,2,14,15]. It is known that groups from many di<erent classes admit a suitable set.
For example, all locally compact groups as well as metrizable groups have suitable sets
[9,2]. On the other hand, there exist 
-compact groups and countably compact groups
without a suitable set [2,3].
Let us call a topological group G topologically orderable (TO for short) if G is
linearly orderable as a topological space. By a result of Nyikos and Reichel [11], a
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non-metrizable topological group G is TO i< for some uncountable regular cardinal
, the group G contains a decreasing chain {U: ¡} of open subgroups U which
form a local base at the identity. It is an open problem whether every TO group has
a suitable set [14, Problem 1.5].
Arbitrary TO groups are considered in Section 2. We show in Theorem 2.4 that if
a TO group has a (closed) suitable set, then every dense subgroup of G also has a
(closed) suitable set.
In Section 3, we consider the special case of the problem for subgroups of the direct
sum G=
⊕
¡ G of discrete groups G, where a base at the identity of G consists
of the subgroups U=
⊕
6¡ G with ¡. Note that the group G with the linear
group topology LG generated by the subgroups U’s is TO by Proposition 3.3.
The group G with the linear group topology LG is interesting in many respects.
For example, if =!1 and the groups G are countable, then G is LindelMof by Com-
fort’s theorem [1]. However, such a group G contains a dense subgroup which is not
R-factorizable [13]. In fact, every proper dense subgroup of G is not R-factorizable [7].
On the other hand, the group G (as well as each subgroup of G) is strictly o-bounded
by a result of HernHandez [6].
It turns out that such a group G always has a generating suitable set, i.e., a suitable
set which algebraically generates G (see Proposition 3.4). In fact, we prove the exis-
tence of a generating suitable set for every subgroup H of G in Theorem 3.17, but our
argument is considerably more complicated in this case. In addition, if the subgroup
H is not closed in G, then H has a closed generating suitable set (Theorem 3.16).
1.1. Notation and terminology
For a topological group G, denote by b(G) the minimal cardinal number ¿! such
that G can be covered by less than  translates of each neighborhood of its identity. A
group G with b(G)=! is called totally bounded and if b(G)6!1, then G is said to
be ℵ0-bounded [5]. A group G with b(G)=  will be referred to as -totally bounded
(see [2], where the cardinal invariant b(G) was deNned).
Suppose that G is a topological group and ¿! is a cardinal. If the intersections
of less than  open sets in G are open, we say that G is a P-group. Clearly, every
topological group is a P!-group. We omit the subscript if =ℵ1.
For a subset A of a group G, 〈A〉 denotes the minimal subgroup of G that contains A.
The fact that H is a subgroup of G abbreviates to H6G. Given a family {G: ¡}
of groups, G=
⊕
¡ G is the direct sum of the groups G. If G=K for each ¡,
then we use K () instead of
⊕
¡ G.
2. Topologically orderable groups
By Theorem 6:6 of [2], every metrizable topological group has a suitable set. Since
metrizability is a hereditary property, every subgroup of a metrizable group has a
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suitable set. There is certain similarity between metrizable and linearly ordered spaces,
so it is natural to try to extend some results on suitable sets obtained in [2] for
metrizable groups to linearly ordered topological groups. There is, however, a big
di<erence between metrizability and the property of being topologically orderable:
even a dense subspace of a linearly ordered space may fail to be linearly
orderable.
By a result of Nyikos and Reichel [11], a non-metrizable topological group G is
topologically orderable (TO for short) i< G contains a decreasing chain of open sub-
groups which form a local base at the identity. In particular, a dense subgroup of a
non-metrizable TO group is also TO. We hope that this nice description of the class
of non-metrizable TO groups will help to solve the question about the existence of a
suitable set for every TO group (see Problem 4:1).
Our objective in this section is to show that if a TO group G has a (closed) suitable
set, then every dense subgroup of G dense subgroup of G also has a (closed) suitable
set. We start with two lemmas. The Nrst of them is valid for an arbitrary linearly
ordered space [10,16], but its proof is very short in the case of TO groups.
Lemma 2.1. Let G be a TO group. Then the points of every discrete subset of G
can be separated by pairwise disjoint neighborhoods.
Proof. Suppose that D= {xi: i∈ I} is a discrete subset of G. If G is metrizable, the
conclusion is immediate. We assume, therefore, that G is non-metrizable. Since G is
a TO group, we can Nnd a local base {H : ¡} at the identity of G such that
each H is an open subgroup of G and H ⊆ H whenever ¡¡ [11]. The set
D being discrete, for every i∈ I there exists (i)¡ such that xiH(i) ∩ D= {xi}.
Let us verify that the family {xiH(i) : i∈ I} is disjoint. Assume to the contrary that
y∈ xiH(i) ∩ xjH( j) 	= ∅ for distinct i; j∈ I . If (i)6 (j), then H( j) ⊆ H(i). Choose
gi ∈H(i) and gj ∈H( j) such that y= xi · gi = xj · gj. Then
xj = xi · gi · g−1j ∈ xiH(i)H−1( j) = xiH(i)H( j) ⊆ xiH(i)H(i) = xiH(i);
thus contradicting the choice of H(i). The case (j)6 (i) is similar.
Lemma 2.2. Let  be an in@nite cardinal and suppose that {H : ¡} is a base at
the identity of a topological group G consisting of open subgroups such that H ⊆ H
whenever ¡¡. Let also D be a subset of G and f :D →  be a function such
that the family F= {x · Hf(x) : x∈D} is disjoint. If y∈G is an accumulation point
of the family F; then y is an accumulation point of D; and vice versa.
Proof. Clearly, every accumulation point of D is an accumulation point of F. Suppose
that y∈G is a point of accumulation ofF. Then y 	∈ ⋃F. We claim that the following
holds:
if x∈D; ¡ and yH ∩ xHf(x) 	= ∅; then ¡f(x): (∗)
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Indeed, otherwise yH ∩ xHf(x) 	= ∅ for some x∈D and ¿f(x), whence
y∈ xHf(x) · H−1 = xHf(x) · H ⊆ xHf(x) · Hf(x) = xHf(x):
This contradicts the fact that y 	∈ ⋃F.
Let U be an arbitrary neighborhood of y in G. There exists ¡ such that yH ⊆
U . Since y∈⋃F, we can Nnd x∈D such that yH ∩ xHf(x) 	= ∅. Then ¡f(x) by
(∗), and hence
x∈yH · H−1f(x) =yH · Hf(x) ⊆ yH · H=yH:
We conclude, therefore, that x∈yH ∩ D ⊆ U ∩ D 	= ∅, whence y∈ PD.
Lemma 2.3. Let D be a discrete subset of a TO group G which is closed in G (has
at most one accumulation point). If L is a subgroup of G such that D ⊆ PL; then there
exists a discrete set F ⊆ L which is closed in L (has at most one accumulation point
in L) and such that D ⊆ PF .
Proof. If the group L is metrizable, then K = PL is also metrizable, and the conclusion
is immediate. Suppose, therefore, the G is non-metrizable TO group which has a de-
creasing well-ordered base {H : ¡} at the identity for some uncountable regular
cardinal  [11]. Note that every subset of G of cardinality less than  is closed and
discrete in G. The family {V : ¡}, where V=K ∩ H for each ¡, forms a
decreasing base at the identity of K , so K is also TO by a theorem of [11]. Given a
discrete subset D ⊆ K , by Lemma 2.1, there exists a function f :D →  such that the
family F= {xVf(x) : x∈D} is pairwise disjoint. By assumption, D can have only one
accumulation in G, say, the identity e of G, so Lemma 2.2 implies that the family F
has no accumulation points in G other than e. In addition, if D is closed in G, then
the family F will be discrete in G.
For every x∈D, deNne a closed discrete subset Fx of L∩ xVf(x) as follows. If x∈L,
then put Fx = {x}; otherwise choose a transNnite sequence Fx = {y(x; ) :f(x)6 ¡}
taking y(x; )∈L∩xV for each  with f(x)6 ¡. Then x is the unique accumulation
point of Fx in G, so that Fx is closed in L. Since the family F has at most one
accumulation point in G and Fx ⊆ xVf(x) for each x∈D, the set F =
⋃
x∈D Fx is discrete
in itself and has at most one accumulation point in L, the identity e. In addition, if D
is closed in G, then F is closed in L.
As an easy consequence of Lemma 2.3, we obtain the following:
Theorem 2.4. Let H be a dense subgroup of a TO group G. If G has a (closed)
suitable set; then H also has a (closed) suitable set.
Note that the existence of a closed suitable set for a dense subgroup of a TO group
does not necessarily imply the same conclusion for the whole group G. Indeed, by
Theorem 3.16, every proper dense subgroup H of the group G=Z(2)(!1) with the
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linear topology (see Proposition 3.3) has a closed suitable set, while G cannot have a
closed suitable set being uncountable and LindelMof [1].
3. Subgroups of direct sums
Let  be an inNnite cardinal number and {G : ¡} be a family of discrete groups.
We consider the direct sum G=
⊕
¡ G of the groups G with the group topology
LG whose base at the identity consists of normal subgroups U=
⊕
6¡ G, where
¡. Let us call LG the linear topology on G. Note that if = cf(), then G is a
P-group. Every element g∈G distinct from the identity of G has a unique representa-
tion g= x1 · : : : · xn, where x1 ∈G1 ; : : : ; xn ∈Gn are elements distinct from identity and
1¡ · · ·¡n¡. This enables us to deNne the support of g by supp(g)= {1; : : : ; n}.
For every ¡, let ! :G →
⊕
"¡ G" be the natural homomorphic retraction of G
onto its subgroup G()=
⊕
"¡ G" with the kernel U. Clearly, the group G=U ∼=
G()6G is discrete and the retraction ! is continuous and open. This notation is
used throughout the section.
Remark 3.1. The following simple observation enables us to reduce the study of di-
rect sums of the form G=
⊕
¡ G to the case when  is regular. Suppose that
= cf()¡ and choose a strictly increasing sequence {$ :$¡} ⊆  such that
(i) 0 = 0;
(ii) =sup$¡ $;
(iii) %=sup$¡% $ for every limit ordinal %¡.
For every %¡, put H%=
⊕
%6¡%+1 G. Clearly, the groups G=
⊕
¡ G and
H =
⊕
%¡ H% are isomorphic. It is easy to see that the natural algebraic isomorphism
’ :G → H becomes a homeomorphism when G and H carry their linear group topolo-
gies LG and LH , respectively.
We start the study of the group (G;LG) with three simple results that clarify its
topological properties.
Proposition 3.2. Let G=
⊕
¡ G be the direct sum of discrete groups G’s. Then
the group (G;LG) is either metrizable or Weil-complete.
Proof. If cf()=!, then the linear topology LG on G has a countable base at
the identity e, and hence G is metrizable by the Birkho<–Kakutani theorem. Sup-
pose, therefore, that cf()¿!. We claim that every right Cauchy Nlter ( in (G;LG)
converges.
For every ¡, there exists an element F ∈ ( such that F · F−1 ⊆ U. Pick a
point x ∈F. Then F ⊆ Ux whence it follows that !(y)= !(x) for each y∈F.
We claim that !(x)= !(x) whenever ¡¡. Indeed, if ¡¡, let !

 be the
natural homomorphic retraction of
⊕
%¡ G% onto
⊕
%¡ G%. It is clear that !

 ◦! = !.
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Since ( is a Nlter, the intersection F ∩ F is not empty. Take a point y∈F ∩ F.
Then !(y)= !(x) and !(y)= !(x). Therefore,
!(x)= !!(x)= !

!(y)= !(y)= !(x):
For every ¡, put A=  ∩ supp(x). If ¡¡, then !(x)= !(x), so that
A ⊆ A. Thus, {A : ¡} is an increasing sequence of Nnite sets whose length has
uncountable coNnality. Therefore, this sequence stabilizes, i.e., there exist 0¡ and a
Nnite subset A of  such that A=A for each ¿ 0. Let x= !0 (x0 ). Then !(x)= x
for each ¿ 0. This implies that F ⊆ Ux=Ux whenever 06 ¡, i.e., the
Nlter ( converges to the point x∈G.
The next proposition shows that direct sums with the linear topology form a special
subclass of topologically orderable groups.
Proposition 3.3. The group G=
⊕
¡ G with the linear topology LG is topologi-
cally orderable and hereditary paracompact.
Proof. By Remark 3.1, we can assume that  is a regular cardinal. If ¿!, then
{U : ¡} is a strictly decreasing chain of open subgroups of (G;LG) which forms
a base at the identity of G. Therefore, (G;LG) is topologically orderable and hereditary
paracompact by Theorems 6 and 8 of [11].
Suppose that =!. Then the group G is metrizable, and hence hereditarily paracom-
pact. We claim that dimG=0. Indeed, for every n∈!, denote by Bn the disjoint open
cover {xUn : x∈G} of G=
⊕
n∈! Gn. It is clear that Bn+1 reNnes Bn for each n∈!
and B=
⋃
n∈!Bn is a base for G. Therefore, dimG=0 by a theorem of [12]. Finally,
every metrizable space of covering dimension zero is topologically orderable [8].
Let us show that direct sums always have a generating suitable set. This result will
be extended to arbitrary subgroups of direct sums in Theorem 3.17.
Proposition 3.4. The group G=
⊕
¡ G with the linear topology has the generating
suitable set S =
⋃
¡ G.
Proof. The set S algebraically generates the group G. Let us verify that the iden-
tity e of G is the unique accumulation point of S. First, we note that the subgroup
G()=
⊕
¡ G of G is discrete in G for each ¡ because G()∩U= {e}. There-
fore, G() (as well as every subset of G()) is closed in G.
Clearly, S\U=
⋃
¡ G ⊆ G(), so the set S\U is closed and discrete in G for
each ¡. Since the group G is Hausdor<, this implies that S has no accumulations
points in G except for e. In other words, S is a generating suitable set for G.
Note that Proposition 3.4 indirectly follows from [4, Lemma 3.5(b)] (in [4], the
direct sum G=
⊕
¡ G is taken with the topology inherited from the direct product∏
¡ G).
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Our aim in this section is to extend the conclusion of Proposition 3.4 to all sub-
groups of the group G=
⊕
¡ G. Our strategy is as follows. First, we establish that
every closed subgroup of G has a generating suitable set (see Corollary 3.6, Lemmas
3:10; 3:12 and 3:14). Then we show that every non-closed subgroup of G has a closed
generating suitable set (Theorem 3.16). Combining these results, we deduce that all
subgroups of G have a generating suitable set (Theorem 3.17).
We start with several auxiliary results the Nrst of which complements Theorem 5:7
of [2].
Lemma 3.5. Let H be a topological group with = b(H)¿!.
(a) For every set X ⊆ H with |X |¡; there exists a closed discrete subset D of H
such that X ⊆ 〈D〉. In particular; if b(H)= |H |+; then H has a closed generating
suitable set.
(b) If f :H → K is a (not necessarily continuous) epimorphism of topological
groups and |K |¡; then there exists a closed discrete subset D of H such that
〈f(D)〉=K .
Proof. (a) Let X be a subset of H with |X |¡. Put = |X | · !. Since ¡, there
exists a neighborhood U of the identity e in H such that F ·U 	=H for every F ⊆ H
with |F |6 . DeNne by recursion a sequence {y:¡} ⊆ H such that yU ∩yU = ∅
if  	= . If V is a symmetric open neighborhood of e in H with V 4 ⊆ U , then the
family F= {yV :¡} is uniformly V -discrete in H or, equivalently, the set xV
intersects at most one element of F for each x∈H (see Remark 5:4 and Lemma 6:4
of [2]). Therefore, the family F is discrete and the set Y = {y:¡} is closed and
discrete in H .
Choose an open symmetric neighborhood W of e in H such that W 2 ⊆ V . Let
{x%:%¡} ⊆ X be a maximal subset of X satisfying x$W ∩ x%W = ∅ if $ 	= %. It
is clear that 6 |X |6 . Note that X ⊆ ⋃%¡ x%V . Indeed, otherwise there exists
x∈X\⋃%¡ x%V , and from W ·W−1 ⊆ V it follows that xW ∩ x%W = ∅ for each %¡,
thus contradicting the maximality of {x%:%¡}. Also, it is easy to see that the set
{x%:%¡} is closed and discrete in H . In fact, for every x∈H , the set xW contains
at most one of the elements of this sequence.
Consider the set V ∗=V ∩ 〈X ∪ Y 〉. Obviously, |V ∗|6 |X | · |Y | · != . Therefore,
we can enumerate V ∗ in type , say, V ∗= {v:¡} (repetitions are admitted).
Finally, we put
D= {y:¡} ∪ {x%:%¡} ∪ {yv:¡}:
Note that yv ∈yV for each ¡, and since the family {yV :¡} is discrete in
H , we conclude that the set {yv:¡} is closed and discrete in H . Therefore, so is
D. It is also clear that {v:¡} ⊆ 〈D〉, so x%V ∗ ⊆ 〈D〉 for each %¡.
From
X ⊆ 〈X ∪ Y 〉 ∩
⋃
%¡
x%V =
⋃
%¡
x%V ∗
it follows that X ⊆ 〈D〉. This proves (a).
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(b) There exists a subset X of H such that f(X )=K and |X |6 |K |¡. Apply
(a) to Nnd a closed discrete subset D of H such that X ⊆ 〈D〉. Then K =f(X ) ⊆
f(〈D〉) ⊆ K or, equivalently, 〈f(D)〉=K .
Corollary 3.6. Suppose that the group G=
⊕
¡ G carries the linear group topology;
and H is a subgroup of G. If |!(H)|= |H | for some ¡; then H has a closed
generating suitable set.
Proof. Consider the basic open subgroup U=
⊕
6¡ G of G. The group H cannot
be covered by less than |!(H)|= |H=(H ∩U)| translates of its open subgroup H ∩U,
whence |H |= |!(H)|¡b(H). So, Lemma 3.5 implies that H has a closed generating
suitable set.
The next simple lemma plays an important role in the proofs of several results (see
Lemmas 3.8, 3.12 and Theorem 3.16).
Lemma 3.7. Let G=
⊕
¡ G be a direct sum of discrete groups which carries the
linear group topology; and H be a subgroup of G. For every ¡ and x∈ !(H);
there exists a closed discrete subset Fx of H ∩!−1 (x) such that |Fx|6  and for each
"¡; H ∩ xU" 	= ∅ iC Fx ∩ xU" 	= ∅. In addition:
(a) if x∈ PH\H; then x is the unique accumulation point of Fx in G;
(b) if H is closed in G; then the sets Fx can be chosen to satisfy |Fx|¡.
Proof. By Remark 3.1, we can assume that  is a regular cardinal. Suppose that ¡
and x∈ !(H). If x∈H , it suRces to put Fx = {x}. Therefore, we consider the case
where x 	∈ H . If x∈ PH , for every "∈ \ choose a point x" ∈H ∩ xU". Then the set
Fx = {x":"∈ \} is as required. Indeed, x is an accumulation point of Fx. In addition,
for every neighborhood U of x in G, there exists ¡ such that ¡ and xU ⊆ U .
Then Fx\U ⊆ Fx\xU ⊆ {x":6 "¡}, so |Fx\U |6 ||¡. However, G and H
are P-groups, so the set Fx \U is closed and discrete in G. Therefore, the unique
accumulation point of Fx in G is x 	∈ H , and hence Fx is closed and discrete in H .
This gives (a).
It remains to assume that x 	∈ PH . Denote by  the minimal ordinal in  such that
H ∩ xU = ∅. Since x∈ !(H) and !−1 (x)= xU, we have ¡. Again, for every
"∈  \ choose a point x" ∈H ∩ xU" and put Fx = {x":"∈ \}. Then |Fx|6 ||¡,
so Fx is closed and discrete in H . In addition, if H ∩ xU" 	= ∅, then "¡. Put "′=
max{"; }. Then "′ ∈ \, and hence x"′ ∈Fx ∩ xU"′ ⊆ Fx ∩ xU" 	= ∅. This implies b)
and Nnishes the proof.
The following lemma shows that closed subgroups of direct sums have a special
property which fails to hold in arbitrary subgroups.
Lemma 3.8. Let K be a closed subgroup of G=
⊕
¡ G; where ¿! is a regular
cardinal. Suppose that |!(K)|¡ for each ¡ and F = {x:¡} is a subset of
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K such that 〈F〉=K . Then there exists a closed unbounded subset A of  such that
the following conditions are ful@lled for each ∈A:
(i) supp(x$) ⊆  if $¡;
(ii) !(K)= 〈F〉; where F= {x$:$¡}.
Proof. Denote by A the set of all ordinals ¡ which satisfy (i) and (ii) of the lemma.
A direct veriNcation shows that A is closed in . Let us show that A is unbounded.
For every ¡ and x∈ !(K), denote by F;x a subset of K ∩ !−1 (x) such that
|F;x|¡ and for each ¡; F;x ∩ xU 	= ∅ i< K ∩ xU 	= ∅ (see Lemma 3.7). Since
|!(K)|¡, the cardinality of the set
P=
⋃
{F;x:x∈ !(K)}
is also less than . Clearly, P ⊆ K . Therefore, we can Nnd an ordinal ′ with
¡′¡ such that P ⊆ 〈F′〉 and supp(x$) ⊆ ′ for each $6 .
Choose an arbitrary ordinal 0¡ and deNne an increasing sequence {n:n∈!} in
 by n+1 = (n)′ for every n∈!. Clearly, the ordinal ∗= limn∈! n satisNes (i) of
the lemma, and 0¡∗¡. It remains to verify that ∗ satisNes also (ii). Indeed, let
x= !∗(y) for some y∈K . It is clear that supp(x) ⊆ ∗. Since supp(x) is Nnite, there
exists n∈! such that supp(x) ⊆ n. Then x= !n(y)∈ !n(K) and y∈K ∩ xU∗ 	= ∅.
Therefore, Fn;x ∩ xU∗ 	= ∅ by our choice of the set Fn;x. Pick a point z ∈Fn;x ∩
xU∗ . Then z ∈Pn ⊆ 〈Fn+1〉 ⊆ 〈F∗〉, so (i) implies that supp(z) ⊆ ∗. In addition,
from z ∈ xU∗ it follows that x= !∗(z). We conclude, therefore, that x= z, and hence
!∗(K)= 〈F∗〉. Thus, ∗ ∈A. Since 0¡∗, this proves that the set A is unbounded
in .
The proof of the next lemma is straightforward and hence is left to the reader.
Lemma 3.9. Let ¿! be a regular cardinal. If A= {$:$¡} is an increasing
closed unbounded subset of ; then the set B= {$¡:$ = $} is closed and unbounded
in .
Now we are able to establish the existence of generating suitable sets for relatively
small closed subgroups of direct sums.
Lemma 3.10. Let K be a closed subgroup of G=
⊕
¡ G; where ¿! is a regular
cardinal. If |K |=  and |!(K)|¡ for each ¡; then K contains a generating suit-
able set S. In addition; there exist a closed unbounded set B ⊆  and a representation
S =
⋃
∈B S such that the following conditions hold for all ; ∈B:
(a) S is closed and discrete in K ;
(b) S ⊆ S if ¡;
(c) S =
⋃
∈∩B S if  is limit in B;
(d) 〈S〉= !(〈S〉)= !(K);
(e) if ¡ and x∈ S\S; then supp(x) ∩ = ∅.
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Proof. Let K = {x%:%¡} and F= {x%:%¡}, where ¡. Then there exists a closed
unbounded set A ⊆  satisfying (i) and (ii) of Lemma 3.8. Enumerate A in increasing
order, say, A= {$:$¡}. We will construct a family {S$:$¡} of subsets of K
satisfying the following conditions for each $¡:
(1) S% ⊆ S$ if %¡$;
(2) S$ =
⋃
%¡$ S% if $ is limit;
(3) 〈S$〉= 〈F$〉;
(4) if x∈ S$+1\S$, then supp(x) ∩ $ = ∅.
Put S0 =F0 . Suppose that for some $¡, we have deNned a sequence {S%:%¡$}
satisfying (1)–(4). If $ is limit, we deNne S$ according to (2). Obviously, the family
{S%:%6 $} satisNes (1), (2) and (4). In addition, (3) readily follows from the equality
F$ =
⋃
%¡$ F% .
Assume that $= %+1. Then (ii) of Lemma 3.8 and (3) imply that !%(K)= 〈F%〉=
〈S%〉. We claim that there exists a subset R$ of 〈F$〉 such that supp(z) ∩ %= ∅ for
each z ∈R$ and 〈S% ∪ R$〉= 〈F$〉. Indeed, let y∈F$ be arbitrary. Since % ∈A and
F$ ⊆ K , (ii) of Lemma 3.8 implies that x= !%(y)∈ 〈F%〉 ⊆ 〈F$〉, so the element
zy = x−1y∈ 〈F$〉 satisNes supp(zy)∩ %= ∅. Clearly, y= x · zy, where x∈ 〈F%〉= 〈S%〉.
Therefore, the set R$ = {zy:y∈F$} ⊆ 〈F$〉 is as required. It remains to put S$ = S% ∪
R$. One easily veriNes that {S(:(6 $} satisNes (1)–(4). This Nnishes our recursive
construction. Note that by (3), |S$|6 |F$ | ·!¡, and hence the sets S$’s are closed
and discrete in K .
We claim that S =
⋃
$¡ S$ is a generating suitable set for K . Indeed, from (3) and
the equality K =
⋃
$¡ F$ it follows that 〈S〉=K . It suRces to verify that the neutral
element e of K is the only accumulation point of S. Let U be a basic neighborhood of
the identity e in G, ¡. Since A is coNnal in , there exists $¡ such that 6 $.
From (4) and (2) it follows that S\U ⊆ S\U$ ⊆ S$ and, consequently, the set S\U
is closed and discrete in K . This proves that S cannot have accumulation points except
for e. Therefore, S is a suitable set for K .
Finally, denote by B the set of all $¡ satisfying $= $. By Lemma 3.9, B is
closed and unbounded in . We claim that the set B and the sequence {S:∈B}
satisfy (a)–(e) of the lemma. Clearly, (a), (b), (c) and (e) follow from (3), (1),
(2) and (4), respectively. Finally, (3) and (ii) of Lemma 3.8 imply the equalities
〈S$〉= 〈F$〉= 〈F$〉= !$(K) for each $∈B. This gives (d), thus completing the proof.
Note that (a) of Lemma 3.10 follows from (d) and the assumption that |!(K)|¡
for each ¡. However, we keep item (a) of the lemma for smoother applications in
the sequel. Let us extend the previous result to “large” (with respect to the number 
of summands) closed subgroups of direct sums. This requires one more lemma.
Lemma 3.11. Let H be a subgroup of G=
⊕
¡ G such that |!(H)|¡ |H | for each
¡. Then the equalities b(H ∩ U)= |H |= b(H) hold for each ¡.
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Proof. The group H=(H ∩U) ∼= !(H) is discrete, so |!(H)|¡b(H) for each ¡.
Therefore, |H |=sup¡ |!(H)|6 b(H). Let U be an arbitrary neighborhood of the
identity in H . There exists ¡ such that H ∩ U ⊆ U . Clearly, the group H can
be covered by |H=(H ∩ U)|= |!(H)|¡ |H | translates of its open subgroup H ∩ U,
whence it follows that b(H)6 |H |. This proves that b(H)= |H |.
Fix an ordinal ¡. We can apply the equality established above to the subgroup
H ∩U of G, thus obtaining b(H ∩U)= |H ∩U|. Note that |H |= |H ∩U| · |!(H)|
and |!(H)|¡ |H |, whence it follows that |H ∩U|= |H |. Therefore, b(H ∩U)= |H ∩
U|= |H |. The proof is complete.
Lemma 3.12. Let K be a closed subgroup of G=
⊕
¡ G; where ¿! is a regular
cardinal. If |K |¿ and |!(K)|¡ |K | for each ¡; then there exists a family
{S:¡} satisfying the following conditions for all ; ¡:
(a) S is a closed discrete subset of K ;
(b) S ⊆ S if ¡;
(c) S=
⋃
¡ S if ¿ 0 is limit;
(d) !(〈S〉)= !(K);
(e) supp(x) ∩ = ∅ for each x∈ S+1\S.
Therefore; S =
⋃
¡ S is a generating suitable set for K .
Proof. Our assumptions about K and Lemma 3.11 imply that b(K∩U)= |K∩U|= |K |
for each ¡. This equality will be used in the construction that follows. Since
|K |=sup¡ |!(K)| and |K |¿, we can assume that |!0(K)|¿ .
For every ¡, put K=K ∩ G(). It is clear that K ⊆ !(K). By
Lemma 3.7, for every ¡ and x∈ !(K), there exists a closed discrete subset
F;x ⊆ K ∩ !−1 (x) such that |F;x|¡ and for each "¡, F;x ∩ xU" 	= ∅
i< K ∩ xU" 	= ∅.
We shall construct the family {S:¡} satisfying (a)–(e) of the lemma by
recursion. In addition, this family will satisfy the following conditions for each
¡:
(f) |S|6 |!(K)|;
(g) K ∩ G() ⊆ 〈S〉;
(h) F;x ⊆ 〈S+1〉 for each x∈ S.
Since |!0(K)|¡ |K |= b(K), Lemma 3.5 implies that there exists a closed discrete
subset D0 of K such that |D0|6 |!0(K)| and !0(〈D0〉)= !0(K). Put S0 =K0 ∪ D0. It
is clear that S0 is closed and discrete in K , and from K0 ⊆ !0(K) it follows that
|S0|6 |!0(K)|. It is easy to see that (a)–(h) are fulNlled.
Suppose that for some ¡, we have deNned a sequence {S:¡} satisfying
(a)–(h). If ¿! is limit, we put S =
⋃
¡ S. Then the sequence {S:6 } sat-
isNes (a)–(h). Indeed, (b), (c), (e) and (h) are clear. Since K is a P-group, the set
S is closed and discrete in K as the union of less than  closed discrete sets S,
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with ¡. This implies (a). In addition,
|S|= sup
¡
|S|6 sup
¡
|!(K)|= |!(K)|:
This gives (f). To verify (g), note that K =
⋃
¡ K, whence
〈S〉=
⋃
¡
〈S〉 ⊇
⋃
¡
K=K:
The key point of our construction is that (d) also holds at the step . Indeed,
let x= !(y) for some y∈K . It is clear that supp(x) ⊆ . Since supp(x) is Nnite,
there exists an ordinal ¡ such that supp(x) ⊆ . Then x= !(y)∈ !(K) and
y∈K ∩ xU 	= ∅. Therefore, F;x ∩ xU 	= ∅ by our choice of the set F;x. From (h) and
(b) it follows that F;x ⊆ 〈S+1〉 ⊆ 〈S〉, so we can choose a point z ∈ 〈S〉∩xU. Then
!(z)= x= !(y), and hence !(〈S〉)= !(K).
Suppose, therefore, that = +1. Choose a subset P of K such that !(P)= !(K)
and |P|= |!(K)|. Put X =P∪K∪
⋃{F;x:x∈ !(K)} and consider the open subgroup
K[] =K ∩ U of K and its subset Y = 〈S ∪ X 〉 ∩ U. Clearly,
|Y |6 |S| · |X | · !6 |!(K)|¡ |K |= b(K[]):
By Lemma 3.5, there exists a closed discrete subset D of K[] such that |D|6 |!(K)|
and Y ⊆ 〈D〉. Put S = S ∪ D. From our choice of D it follows that the set S
is closed and discrete in K and |S|6 |!(K)|. We claim that the family {S(:(6 }
satisNes (a)–(h). Conditions (a)–(c) and (f) do not present any diRculty. Note that
S\S ⊆ D ⊆ K ∩U, and hence supp(x)∩ = ∅ for each x∈ S\S. This implies (e).
Therefore, only (d), (g) and (h) require a veriNcation.
Take an arbitrary point x∈X . Since (d) holds at the step , there exists an element
y∈ 〈S〉 such that !(y)= !(x). Then xy−1 ∈ 〈S ∪ X 〉 ∩ U=Y , so
x=(xy−1) · y∈Y · 〈S〉 ⊆ 〈D〉 · 〈S〉 ⊆ 〈S〉:
This proves that X ⊆ 〈S〉. Since P ⊆ X ⊆ 〈S〉 and !(P)= !(K), we conclude that
!(〈S〉)= !(K), i.e., (d) holds at the step . Similarly, K ⊆ X ⊆ 〈S〉 and F;x ⊆
X ⊆ 〈S〉 for each x∈ !(K), which gives us (g) and (h) at the step , respectively.
This Nnishes our recursive construction.
Let us verify that S =
⋃
¡ S is a generating suitable set for K . It is clear that
K =
⋃
¡ K, so (g) implies that
〈S〉=
⋃
¡
〈S〉 ⊇
⋃
¡
K=K:
Therefore, 〈S〉=K . Let U be an arbitrary neighborhood of the identity e in G. Choose
¡ such that U ⊆ U . Then from (e) it follows that
S\U ⊆ S\U ⊆
⋃
"¡
S"
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and the latter set is closed and discrete in G as the union of less than  closed discrete
sets in the P-group K . Hence, S has no accumulation points in K except for e. Thus,
S is a generating suitable set for K .
The next lemma is obvious and its proof is omitted.
Lemma 3.13. Let U be a nonempty open subset of a topological group G. Then the
equality K · U = PK · U holds for every subset K of G.
Let ¿! be a regular cardinal. Consider the direct sum G=
⊕
¡ G of discrete
groups G satisfying 26 |G|¡ for each ¡. Then G endowed with the linear
topology is a P-group, so the density of G is equal to . Hence, every suitable set D
for G has the size . Since every open cover of G contains a subcover of cardinality
less than  by Comfort’s theorem in [1], the set D has an accumulation point in G.
Therefore, G cannot have a closed suitable set. Let us show that non-closed subgroups
of G are considerably better in this respect. This requires a pair of simple facts the
second of which complements Lemma 3.5.
Note that a metrizable topological group G always has a suitable set, and if G is not
compact, then it has a closed suitable set [2, Theorem 6.6]. However, if the cardinality
of G is greater than its weight, then G cannot have a generating suitable set. Now we
show that subgroups of countable direct sums always admit the best possible type of
suitable sets.
Lemma 3.14. Let G=
⊕
n∈! Gn be the direct sum of discrete groups Gn. Then every
subgroup of G has a closed generating suitable set.
Proof. Clearly, the group G is metrizable since it has a countable base at the iden-
tity. First, we claim that every compact subgroup of G is Nnite. Indeed, for every
n∈!, denote by !n the natural homomorphic retraction of G onto its discrete sub-
group G(n)=
⊕
k¡n Gk with the kernel Un=
⊕∞
k=n Gk . If a subgroup K of G is com-
pact, then !n(K) is Nnite for each n∈!, and hence K is at most countable. However,
every compact group is either Nnite or has cardinality ¿ 2!, which proves our claim.
So, every inNnite subgroup H of G is non-compact and metrizable. Let us show
that H has a generating suitable set. For every n∈!, put Hn=H ∩ G(n). It is clear
that H =
⋃
n∈! Hn. Similarly to the proof of Lemma 3.12, we can deNne a sequence
{Sn:n∈!} of subsets of H satisfying the following conditions for each n∈!:
(1) Sn is closed and discrete in H ;
(2) Sn ⊆ Sn+1;
(3) !n(〈Sn〉)= !n(H);
(4) Hn ⊆ 〈Sn〉;
(5) Sn+1\Sn ⊆ Un.
From (4) it follows that the set S =
⋃
n∈! Sn generates the group H . Obviously, (5)
and (1) imply that S\Un ⊆ Sn is a closed discrete subset of H for each n∈!, so S can
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have at most one accumulation point in H , its identity. Summarizing, S is a generating
suitable set for H .
By [2, Theorem 6.3], every non-compact metrizable group with a generating suitable
set contains a closed generating suitable set. This completes the proof.
Lemma 3.15. Let N be an open subgroup of a topological group H and F be a subset
of H such that H = 〈F〉 · N . Then for every subset C of H with |C|¡b(N ); there
exists a closed discrete set D ⊆ N such that C ⊆ 〈F ∪ D〉 and |D|6 |C|.
Proof. Consider the quotient mapping !:H → H=N onto the left coset space H=N .
From H = 〈F〉 · N it follows that !(〈F〉)=H=N . Let C be a subset of H satisfying
|C|¡b(N ). For every x∈C, there exists an element yx ∈ 〈F〉 such that !(yx)= !(x),
i.e., y−1x x∈N . Put C0 = {y−1x x: x∈C}. Then C0 ⊆ N and |C0|6 |C|¡b(N ), so
Lemma 3.5 implies that there exists a closed discrete subset D of N such that C0 ⊆ 〈D〉
and |D|6 |C0|6 |C|. It is clear that x=yx · (y−1x x)∈ 〈F〉 · 〈D〉 ⊆ 〈F ∪ D〉 for each
x∈C, whence C ⊆ 〈F ∪ D〉.
Theorem 3.16. Let the group G=
⊕
¡ G carry the linear topology. Then every
non-closed subgroup of G has a closed generating suitable set.
Proof. Let H be a non-closed subgroup of G. By Remark 3.1 and Lemma 3.14, we
can assume that  is a regular uncountable cardinal. For every ¡, denote by !
the natural homomorphic retraction of G onto its subgroup G()=
⊕
¡ G. In view
of Corollary 3.6 we can also assume that |!(H)|¡ |H | for each ¡. Clearly, this
implies that |H |¿ .
Denote by K the closure of H in G. Since G() is a discrete subgroup of G, we
have !(K)= !(H), and hence |!(K)|¡ |K | for each ¡. Apply Lemmas 3.10 and
3.12 to Nnd a closed unbounded set B ⊆  and a generating suitable set S =⋃∈B S
for K , where the sets S satisfy the following conditions for all ; ∈B:
(a) S is a closed discrete subset of K ;
(b) S ⊆ S if ¡;
(c) S =
⋃{S: ∈  ∩ B} for each limit ordinal  in B;
(d) !(〈S〉)= !(K);
(e) supp(x) ∩ = ∅ whenever x∈ S\S and ¡.
Let {%: %¡} be an enumeration of B in increasing order. For every %¡, put
L%=
⊕
%6"¡%+1 G". Then the groups G and
⊕
%¡ L% are topologically isomorphic
(see Remark 3.1), so we can assume without loss of generality that B= . Pick a
point x∗ ∈K\H and for every ¡, put H=H ∩ G(). The idea of the proof is to
construct by recursion a sequence {F: ¡} satisfying the following conditions for
all ; ¡ :
(1) F ⊆ F if ¡;
(2) Fc is a closed discrete subset of H ;
(3) S ⊆ 〈F〉;
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(4) H ⊆ 〈F〉;
(5) F+1\F ⊆ U · x∗;
(6) F =
⋃
¡ F for every limit ordinal ¿!.
Note that by (5), the sets F+1\F converge to the point x∗ ∈K\H , so (2) implies that
F =
⋃
¡ F is a closed discrete subset of H . From (4) and the equality H =
⋃
¡ H
it follows that 〈F〉=H , so we conclude that F is a closed generating suitable set for
H .
First, we apply Lemma 2.4 (and Proposition 3.3) to Nnd a closed discrete subset F0
of H such that S0 ⊆ F0 and e∈F0. Note that H0 =G(0)= {e}, so F0 satisNes (1)–(6).
Suppose that for some  with 0¡¡, we have deNned a sequence {F: ¡}
satisfying (1)–(6). Let us consider two cases:
I. The ordinal  is limit. Clearly, H is a P-group, so the set F =
⋃
¡ F is closed
and discrete in H . This shows that F satisNes (2) at the step . Apply (c) to obtain
S =
⋃
¡
S ⊆
⋃
¡
〈F〉 ⊆ 〈F〉;
which gives us (3). Similarly, from G()=
⋃
¡ G() it follows that
H =H ∩ G()=
⋃
¡
(H ∩ G())=
⋃
¡
H ⊆
⋃
¡
〈F〉 ⊆ 〈F〉:
This implies (4). Conditions (1), (5) and (6) hold trivially. Therefore, the family
{F: 6 } satisNes (1)–(6).
II. Suppose that = + 1. From (e) it follows that S\S ⊆ U. Apply Lemma 2.4
to Nnd a closed discrete subset C of H ∩ U such that S\S ⊆ PC. From (d) and (3)
it follows that
!(〈F〉)= !(〈F〉) ⊇ !(〈S〉)= !( PH)= !(H) (*)
or, equivalently, H = 〈F〉 · (H ∩ U). Lemma 3.11 implies that
b(H ∩ U)= |H |¿ |!(H)|¿ |H|:
Therefore, we can apply Lemma 3.15 (with N =H ∩U and F =F) to Nnd a closed
discrete subset D of H ∩ U such that H ⊆ 〈F ∪ D〉. Since x∗ ∈ PH , the intersection
H ∩x∗U is not empty or, equivalently, !(x∗)∈ !(H). By (∗), there exists an element
x∈ 〈F〉 such that !(x)= !(x∗), and we put F =F ∪ xC ∪ xD. Then F is closed
and discrete in H , so it satisNes (2). In addition, xC ∪ xD ⊆ xU= x∗U, whence it
follows that F\F ⊆ x∗U. This implies (5). Conditions (1) and (6) are immediate. It
remains to verify (3) and (4). From x∈ 〈F〉 ⊆ 〈F〉 and xC ∪ xD ⊆ F it follows that
C ∪D ⊆ 〈F〉. Therefore, we have S\S ⊆ C ⊆ F and S ⊆ 〈F〉, whence S ⊆ 〈F〉.
This implies (3). Similarly, (4) follows from H ⊆ 〈F ∪D〉 ⊆ 〈F〉. This Nnishes our
recursive construction.
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We conclude that the sequence {F: ¡} satisNes (1)–(6), and hence F =
⋃
¡ F
is a closed generating set for H . The theorem is proved.
Combining the facts established above, we deduce the main result of the article.
Theorem 3.17. Let G=
⊕
¡ G be the direct sum of discrete groups which carries
the linear group topology. Then every subgroup of G has a generating suitable set.
Proof. Let H be a subgroup of G. Remark 3.1 and Lemma 3.14 enable us to assume
that  is a regular uncountable cardinal. By Corollary 3.6, it suRces to consider the
case when |!(H)|¡ |H | for each ¡. This immediately implies that H¿ . If H
is closed in G, then the conclusion follows from Lemmas 3.10 and 3.12. Otherwise
apply Theorem 3.16 to conclude that H has a closed generating suitable set.
An analysis of the proof of Theorem 3.16 shows that the suitable set F for a
non-closed subgroup H of G constructed above has exactly one accumulation point
in G\H . This makes it natural to ask whether every proper dense subgroup of G
admits a generating suitable set F which has only one accumulation point in G, its
identity (so that F is also a suitable set for G). Here, we answer this question in the
negative.
Let G=Z(2)(!1) be the direct sum of !1 copies of the discrete group Z(2). Denote
by H the set of all x∈G such that |supp(x)| is even. Clearly, H is a proper dense
subgroup of the group G which carries the linear topology. We recall that G is LindelMof
by Comfort’s theorem in [1]. This notation is used in the next theorem.
Theorem 3.18. Let F be a discrete subset of H such that F ∪ {e} is closed in G.
Then the subgroup K = 〈F〉 of H is nowhere dense in G. In particular; every suitable
set for H has accumulation points in G\H .
Proof. Assume to the contrary that the closure of K in G contains a nonempty interior
in G. Then both F and K are uncountable, and there exists an ordinal 0 such that
!6 0¡!1 and U0 ⊆ PK . Since G is LindelMof and F∪{e} is closed in G, the discrete
set F has the unique accumulation point in G, the identity e. Hence e 	∈ F .
Let {x: ¡!1} be an enumeration of F . We claim that there exists an ordinal ∗
satisfying the following conditions:
(1) 0¡∗¡!1;
(2) {x$ :∗6 $¡!1} ⊆ U∗ ;
(3) supp(x$) ⊆ ∗ for each $¡∗.
Let us deNne an increasing sequence of ordinals 0¡0¡"0¡1¡1¡ · · ·¡!1
as follows. For an ordinal n ¡!1, put Fn=F \Un . Since F is discrete and F ∪
{e} is closed in the LindelMof group G, the set Fn is countable. Therefore, Fn ⊆
{x$: $¡n} for a countable ordinal n¿n. Choose a countable ordinal "n ¿n
such that supp(x$) ⊆ "n for each $¡n. It remains to Nnd a countable ordinal
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n+1¿"n such that {x$: $¡"n} ⊆ F \Un+1 =Fn+1. One easily veriNes that the or-
dinal ∗=supn∈! n satisNes (1)–(3). This proves our claim.
The choice of ∗ implies that supp(x$) ⊆ ∗ if $¡∗, and supp(x$) ⊆ !1\∗
if ∗6 $¡!1. As K = 〈F〉 ⊆ H , we conclude that the number |supp(x) ∩ ∗| is
even for every x∈K . On the other hand, since K ∩ U0 is dense in U0 , we have
!∗(U0 ) = !∗(U0 ∩ K). Choose any point y∈U0 such that supp(y)= {0}. Since
!∗(U0 ) = !∗(U0∩K), there exists a point x∈K such that !∗(x)= !∗(y)=y. Then
supp(x) ∩ ∗= {0}, that is, |supp(x) ∩ ∗| is odd, which is a contradiction. We have
thus proved that K = 〈F〉 is nowhere dense in G.
To Nnish the proof, it remains to note that if a suitable set S for H has exactly
one accumulation point in G, the identity e, then S ∪ {e} is closed in G. Therefore,
K = 〈S〉 is nowhere dense in G by the Nrst part of the theorem, a contradiction.
4. Open problems
The results of this article leave the following open problem (see also [14,
Problem 1:5]):
Problem 4.1. Does every topologically orderable group G have a suitable set?
The relation between a linear order and the multiplication in a topologically ordered
group is somewhat week. A group with a linear order 6 on it is called algebraically
ordered if translations are order-preserving and inversion is order-reversing. Is it known
that every algebraically ordered group with the order topology is a topological group
[11, Remark 13]. We feel, therefore, that the following problem is more natural.
Problem 4.2. Does every algebraically ordered group with the order topology have a
suitable set?
The direct sum
⊕
¡ G of discrete groups G is naturally isomorphic to a subgroup
of the direct product
∏
¡ G endowed with the Tychono< topology. Therefore, G
inherits a Hausdor< group topology TG from
∏
¡ G which is weaker than the
linear topology LG on G. This makes it interesting to Nnd out whether the subgroups
of (G;TG) have a suitable set:
Problem 4.3. It is true that every subgroup of (G;TG) has a (generating) suitable
set?
Let  be an inNnite cardinal and G? be the group
∏
¡ G endowed with the linear
topology whose base at the identity consists of the subgroups V=
∏
6¡ G, where
¡. Related with results of this paper, the following question is worthy of study:
Problem 4.4. It is true that every subgroup of G? has a suitable set?
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Note that Theorem 3.17 answers the above question aRrmatively in the special case
when a subgroup of G? is contained in
⊕
¡ G.
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